Introduction
The d i r e c t i v i t y p a t t e r n of a colinear antenna array can be calculated by taking the Fourier transform of the aperture illumination functi0n.l However, t h e p a t t e r n so obtained applies only to CW sinusoidal s i g n a l s . I n p u l s e r a d a r a p p l i c a t i o n s the incident signal i s not a CW sinusoid, and t h u s t h e a c t u a l p a t t e r n w i l l d i f f e r from t h e calculated pattern. T h i s difference becomes important when the reciprocal of t h e signal banduidth approaches the time required for t h e s i g n a l t o t r a v e l from one end of t h e 1 Superscript numbers refer to t h e References a t t h e end of t h e Hper.
antenna to the other.
T t i s t h e purpose of t h i s paper t o show hou the dependence of the d i r e c t i v i t y p a t t e r n o n the t y p e of s i g n a l
used might lead to i n t e r e s t i n g consequences in radar antenna design.
L e t us i l l u s t r a t e these remarks by a simple example. Consider the tu0 element antenna array shown i n Fig. 1 . The a r r a y consists of two isotropic collectors spaced a distance 2x1 apart. A radar echo signal, s ( t ) , of known form i s incident upon t h e a r r a y a t some angle 8 . Using the ordinary
Fourier transfonn technique for calculating t h e d i r e c t i v i t y p a t t e r n , g ( u ) ,
we obtain the standard multi-lobe i n t e r f e m e t e r p a t t e r n .
If I(x) i s the antenna aperture illumination density function and if g(u) i s the antenna d i r e c t i v i t y p a t t e r n f o r a s i n e wave o f angu-
l a r frequency, WO , then t h e following R u r i e r t r a n s f o r m p a i r s r e l a t e I ( x ) t o g(u).
-0J
and where x = distance from aperture center in meters u = s i n 8 c = v e l o c i t y of l i g h t i n meters/sec
In the two-element array shorn in Fig. 1 , I(x) i s a Dirac delta function placing a l l of the weighting density e t C XI. By evaluating the Fourier transform, m-f i n d t h a t t h e d i r e c t i v i t y p a t t e r n f o r t h i s a r r a y is given
When ~Z,>)XO = x , this pattern has many lobes and thus no unambimous directivity information can be o b t a g e d . Such a p a t t e r n i s shown in Fig. 2 . However, the p a t t e r n shown in Fig. 2 i s relevant only when the incident signal is a CW sinusoid. It i s well known t h a t t h e d i r e c t i v i t y a m b i g u i t y can be reduced if s ( t ) i s a wide-band signal.
Kock and Stone2 have pointed out t h a t by crosscorrelation techniques such two-element a r r a y s can be used f o r p a s s i v e l o c a t o r s of wideband noise sources. Other work by Jacobsed explored the capabilities and l i m i t a t i o n s of two-element array correlation techniques. For example, if a r a d a r t a r g e t r e f l e c t s a short pulse toward the array from a n a n g l e s , this angle can be estimated by measuring t h e r e l a t i v e d e l a y between the reception of t h e echoes by elements number one and two. When the reflected echo is received simultaneously by both elements, the target must be perpendicular t o t h e l i n e connecting the elements. If element number one receives the echo f i r s t , t h e n t h e t a r g e t must be t o t h e l e f t o f t h e antenna, and so forth. If t h e r e t u r n echo s i g n a l , s ( t ) , i s not a s h o r t pulse but has the same bandrsidth a s does a short pulse, then by matched f i l t e r tech- * A f t e r passing s ( t ) through a matched filter t h e s i g n a l form will be changed t o t h e a u t o correlation function of s ( t ) . The autocorrelation function w i l l be a pulse whose width i s inversely proportional to the signal's bandddth.
@ (u,t) w i l l peak up f o r t h e a p p r o p r i a t e values of u and t. In our example, 4 (u,t) will reach a maximum when t 0 and when II = 0. W e can distinguish without dkfficulty a t a r g e t producing an output 4,(u,t) from one causing the output @*(u,t) only i f @, i s m a l l when&attains i t s maximum. Thus, @ (u,t) i s an Wubiguity function" in both angle and range. Its use i s s i m i l a r t o t h e ambiguity function i n range and velocity of Woodward.4 When the range of t h e t a r g e t is known exactly, @(u,o) i s the ambiguity funct i o n of t h e t a r g e t ' s angle. Let us c a l l t h i s ambiguity function, 4 (u), the actual-pattern of t h i s t m -e l e m e n t a r r a y r e l a t i v e t o t h e s i g n a l s ( t ) . Then, BXl l e t us r e l a t e t h e r e s u l t s we have obtained so f a r t o conventional theory.
It should be noted a t this p o i n t t h a t when s ( t ) is a
To obtain the pattern shown in ng. were the jncident signal. We will c a l l t h l s aperture illumination the artificial aperture, Io(y). That is, t o o b t a i n t h e same p a t t e r n a s t h a t shown i n Fig. 3 we would have t o u s e t h e a r t i f i c i a l a p e r t u r e i l l u m i n a t i o n i f we restricted ourselves to conventional theory. By u s i n g t h e s i g n a l s ( t ) , however, we can + B y adding the appropriate time delay t o t h e (u) peak up f o r t a r g e t s off broadside. I n achieve the same e f f e c t w i t h t u o i s o t r o p i c elements a s shorn i n Fig. 1 . The bandwidth of the signal gives an apparent breadth to t h e elements of the array.
Consequently t h e d i r e c t i v i t y of a p a i r of these apparently
isotropic elements increases i n proportion to the percentage bandnidth of the signal being received.
Let us now consider a more general case--one i n which our array itself is d i r e c t i v e f o r single frequencies and is made up of a series of 2N isotropic elements spaced i\ apart. W e then have elements atX=*ii,%aA, ..+ Z L 4 ... .
Suppose we ueight the output o f the 4 i t h element by 1% so that the weighting Ts an even function about the array center.
We then proceed as before, passing the weighted signals thmugh a matched f i l t e r and then adding the resulting autocorrelation functions. The r e s u l t , when t h e t a r g e t r a n g e i s known, i s the angle ambiguity function for this multielement array. That is,
We can generalize Eq. (5) t o an i n t e g r a l a s the point collectors cane closer together, and a s Ii approaches a continuous density function of X. The result is Eq.(6) i s the angle pattern that can be obtained with an actud antenna a p e r t u r e i l l umination function I.(x), and an incident signal whose autocorrelation function is R s ( T ) . W e have assumed however, t h a t t h e s i g n a l form i s h a w n exactly--this assumption implies t h a t the reflecting target's range and velocity are h o r n exactly. The result a l s o assumes that the aperture illumination I(x), i s an even function of x . Since %('t ) i s even, so a l s o will be Q) (u).
Let us now
Eq.(ll)+ gives the aperture illumination that would have t o b e used in conjunction with a s i n e wave s i g n a l t o g i v e t h e same p a t t e r n obtained by using some aperture illumination I ( x ) in conjunction with a signal whose power s p e c t r a l d e n s i t y i s Os(&)). 9 If x and y a r e independent random variables with density functions fx(x) and fp-(y), respectively, and if z = x-y, then t h e density function f Z ( z ) is given by
The consequences of ~ the analogy between t h e equation for fz(z) and Eq, (ll) have not yet been Arlly explored.
Examples
An expression, E q . (ll), has been derived i n which the illumination function of an aperture incorporating a c o r r e l a t i o n scheme and t h e power spectrum of the incident signal are 
r e l a t e d t o t h e i l l u m i n a t i o n f u n c t i o n of an a r t i f i c i a l a p e r t u r e o p e r a t i n g a t -a s i n

It is a p p a r e n t f o r t h i s c a s e t h a t unless the percentage bandwidth becomes appreciable t h e a r t i f i c i a l a p e r t u r e i l l u m i n a t i o n w i l l be o n l y s l i g h t l y d i f f e r e n t from t h e a c t u a l i l l umination function.
Thus, the apel-turels p a t t e r n f o r wide-band s i g n a l s will d i f f e r f r o m the sinusoidal pattern only when k becomes large. The uniform illumination function used in this example makes e f f i c i e n t u s e of the length D o f the aperture.
The use of wide-band s i g n a l s does l i t t l e t o i n c r e a s e t h e directivity information available from such an efficiently illuminated aperture unless k becomes large. The t w o element a r r a y cons i d e r e d e a r l i e r , however, makes i n e f f i c i e n t use of its aperture. It was noted t h a t t h e use of wide-band signals greatly increased the directivity information available from t h e two element array.
An i n t e r e s t i n g example w i l l now be given t o show how a uniform a r t i f i c i a l a p e r t u r e illumination can be obtained from an a c t u a l illumination of d e l t a f u n c t i o n s ( d i s c r e t e elements) with a saving on t h e number of elements ~i c h would be required in t h e s i n g l e frequency case.
A band-limited spectrum will be used t o c o n s t r u c t t h e a r t i f i c i a l i l l n m i n ation. If the actual element spacing i s equal t o o r s m a l l e r t h a n "b/=( 2 b b e i n g t h e wavelength of the highest frequency received) it i s assumed t h e r e s u l t a n t p a t t e r n will n o t d i f f e r from t h a t of a continurns illmination.
As an i n t r o d u c t i o n t o t h e problem it i s advisable to reconsider the two i s o t r o p i c element case.
The elements were l o c a t e d a t x = S x1 as shown i n Fig. 1 and t h e r e s u l t a n t a r t i f i c i a l i l l u m i n a t i o n due t o t h e bandwidth of the received signal i s shown i n Fig. 4 .
The addition of two more elements a t d i s t a n c e
X = 4 x 2 makes it p o s s i b l e t o i n c r e a s e t h e e x t e k of t h e a r t i f i c i a l i l l m i n a t i o n . With
the proper choice of x2, t h e a r t i f i c i a l i l l umination shown i n Fig. 6 can be achieved. The required number of elements needed in t h e s i n g l e f r e q u e n c y c a s e t o produce the same pattern could be greater than four and thus a saving o f elements might be achieved by using wideband signals. The number of elements t o be saved will be shown t o be dependent upon the extent of the desired illumination and t h e bandwidth of the received signal.
In order t o d e r i v e t h e r e l a t i o n s h i p e x i s t i n g between bandwidth and element spacing, 
The a r t i f i c i a l i l l u m i n a t i o n now becomes
The judicial spacing of. the elanents can be obtained by requiring the leading edge of t h e a r t i f i c i a l i l l u m i n a t i o n f o r element p a i r t o j u s t meet t h e t r a i l i n g edge of t h e a r t i f i c i a l i l l u m i n a t i o n for element p a i r 5 .
Since t h e l e a d i n g edge due t o element pair s -1 is specified by wb = .pm which would be required i n t h e s i n g l e frequency case.
There is a great saving of required elements f o r the particular numerical example solved. However this percentage decrease. should not be expected 5 n smaller arrays.
It i s further pointed out that there will be a decrease in t h e signal t o n o i s e r a t i o due t o t h e d e c r e a s e i n t h e number of receiving elements.
Conclusion must be less than the propagation time across the aperture.
One of the most i n t e r e s t i n g , and possibly most profitable, ways i n which l a r g e bandwidths a l t e r t h e antenna design problem i s i n t h e s a v i n g of a substantial number of elements required to synthesize a given receive pattern.
Many questions remain t o be answered. For instance, i s t h e r e a generalizea Radar U n c e r t a i n t y P r i n c i p l e , s i m i l a r t o t h a t of Woodward, covering the six parameters of interest: range, range-rate, the two angles, and t h e two angle-rates? The one dimensional l i n e a r a r r a y s c o n s i d e r e d i n this paper should be extended t o a r e a o r perhaps volume arrays. Also of i n t e r e s t a r e the very nide-base-leg, wide-band systems i n which the target angle, and perhaps the target echo form, a r e d i ff e r e n t f o r t h e d i f f e r e n t c o l l e c t i n g e l e m e n t s of the array. Finally the problem of the e f f e c t s of corrupting noise on both the resol u t i o n and the accuracy capabilities of t h e s e s p a t i a l systems should be studied.
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